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DYNAMIC ECONOMIC MODEL OF THE 
OPTIMAl FOREST ROTATION REVISITED 
The introduction of the "maximum principle" by Pontryagin et ale 
(1964) elevated optimal control as a research tool in economics to 
prominence. Optimal control models describe the evolvement of a system 
over a time horizon and determine optimal levels of decision variables 
over time. Anderson (1976), in comparing the net present value (NPV) 
model of forest rotation and the optimal cont~ol approach to resource , 
management, generated a rotation rule comparable to the Faustmann rule 
J .- -- __._4_ _ ~ 
(1968). But both of these approaches assume that timber product ion is 
the sole objective of forest management and abstract from multiple 
forest benefits. The p~rpose of the present paper is to provide such a 
comparison when a ' fQrest has, besides timber value, a flow of value of 
recreational services (a general term used to capture non-timber uses of 
a standing forest) when standing. Through this exercise it is shown 
that an optimal control model of a slightly different form than the one 
proposed 'by Anderson ,- (1976 ) suffices to generate a ,rotation rule--
comparable to a more gene~al Faustmann rule derived by, e.g., Hartman 
-(1976). The basic theoretical model employed in this paper uses the 
framework provided by Berck (1981) and Anderson (1976). 
An Optimal Control Approach to 
the Generalized Rotation Problem 
Here a synchronized forest of even-aged stands is considered. The 
stock of the standing forest resource provides benefits to society in 
the form of timber and non-timber values. In the present model, the 
forest resource is controlled by a hypothetical social manager/planner. 
It is assumed that the manager chooses the rate of harvest in each 
2 
peri od to max i m i ze the soc i a 1 ut i 1 i ty of the discounted st ream of net 
benefits from the resource over an infinite planning horizon. 
The following assumptions and relations are maintained in the 
development of the model. Let X = X(t), a scal ar, be the stock of the 
harvestable population of trees in a forest at time t. Let its growth 
be described by the differential equation dX/dt = X(t) = g[X(t)] - h(t), 
where g[X(t)] is a concave and twice continuously differentiable func-
t i on represent i ng the na~ura 1 growth rate for the resource popul at ion • 
.. __ The variable h = ,h(t) is _.the_ rate of harvesting at time _t. 
Let F = F[X(t)] be the value of recreational services that the 
stock of standing trees (the resource population) provides to society. 
The function F is assumed to be concave and twice differentiable. 
Harvesting costs are assumed to be a function of the rate of har-
vest. Thus c = c[h(t)], where c is the (total) cost of harvesting. It 
is assumed that ac/ah )0. 
Consumers of harvested timber are represented by a downward sloping 
.- demand curve O(p) such that ~ O(e)d =~ p(O)dO = U(h), the "social 
o 0 
utility of consumption" of timber. U(h) is continuously differentiable 
I 
and is the same in every period and U (h) = p(h). The social benefits 
(S8) associated with a rate of natural resource (forest) commodity 
(timber) utilization in the form of harvesting h(t) can then be 
represented by the area under the timber demand curve up to the harvest 
rate h(t), plus the value of recreational services relat·ed to the 
undisturbed stock, X(t), such that SB(t) = ?O(e)d 8+ F[X(t)] = U(h) + 
o 
F[X(t)]. 
The Model 
The planner's/social manager's object is to 
Max W = I[U(h) - c(h) + F(X)Je-rtdt, 
o 
subject to 
. 
X = g[X(t)] - h(t) 
X ~ 0; h e: [0, hma x ] 
3 
(1 ) 
(2 ) 
In (1) W is ,the discounted "soc i alit va 1 ue of the perpetua 1 st ream 
of net benefits over time and is assumed to be convex from above. 
Equations (1) and (2) comprise a problem in deterministic optimal con-
trol theory, with the control variable h(t) and the state variable X(t). 
The equation of motion specifying the rate of change of X(t) is (2). 
The subsequent discussion of this section will explore in terms of the 
rotat ion prob 1 em the steady-state i nterpretat i on of the above system 
characterized by a synchronized even-aged stands of trees. 
"The Hamiltonian for this problem is: 
H = [U(h) + F(X) - c(h)]e- rt + A(t)[g(X) - h] • (3 ) 
Here, A = A(t) is the costate variable and represents the shadow price 
of a tree on the addition to future revenues if a tree is not cut. 
The maximization of W requires two necessary conditions on H; i.e., 
aH dx 
= [U' (h) c I (h) + F I (X) -J e - rt - A ( t ) = a 
ah dh 
aH dA 
= -A = [F'(X)]e- rt + A(t)gl(X) 
ax dt 
Relation (4) implies that 
dX 
A ( t ) = [U I (h) - c I (h) + F I (X )-J e - rt 
dh 
(4 ) 
(5) 
(6 ) 
dX 
where F'(X) -- < 0 . 
dh 
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Equation (6) indicates that A(O) is to be interpreted as the 
shadow price of a unit of unharvested timber and is equivalent to 
marginal stumpage price net of marginal harvesting costs plus the 
marginal recreational value of a unit of standing timber biomass at time 
o. 
. 
Differentiating (4)'with respect to time, substituting ).(t) from 
(5) and usi ng (6' we obta-ifl 
d).(t) 
- r). ( t ) + + [F' (X) - c' (X)] e - rt + ). ( t ) g' (X) = 0, (7 ) 
dt 
which after dividing through by ).(t) and evaluated at time t = 0 is 
. 
).(0) F'(X} - c'(X} 
-r + -- + ------ + g'(X} = 0 • (8 ) 
).(o) ).(o) 
Under the steady-state assumptions. the _shadow price of a unit of 
. 
-unharvested resource--(tree) remains unchanged over time, i.e., ).(o) = o~ 
Thus (8) further simplifies to 
- r + 
F' (X) 
).(o) 
+ g' (X) = 0 • (9 ) 
In the absence of the recreational values, F'(X) = O. In that 
case, (9) produces the steady-state optimal control soluti~n to the 
single-use renewable resource problem: 
g' (X) = r (10) 
The assumption of a zero discount rate (r = 0) leads to the 
selection of gl(X) = 0, which is the well-known maximum sustained yield 
(MSY) solution. Since, the biomass growth function is assumed convex 
fro m abo v e , the 0 p tim a 1 con t r 0 1 r u 1 e wit h r > 0, imp 1 i e sale vel 0 f 
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resource stock lower than the level observed under a MSY program. 
However. (9) as such impl ies that 
g' (X) = r -
F' (X) 
).(0) 
(11) 
Since ).(0) > 0, and if F'(X) > 0 (to keep the problem simple), with 
r > 0, the term in brackets on the right of (11) is positive. This 
gives ri se to an "effect i ve interest rate" 1 es s than -the interest rate 
appearing in (10). This ' generalized relation (11) has the effect of 
- . increasin~fthe resource- -stock further---fhan the level suggest-ed --bY-{10). --
Conversion of the Control Solution 
to a Generalized Optimal Rotation Rule 
Using the approach followed by Anderson (1976), the steady-state 
model (9) can be converted to a rotation rule. Assuming for the time 
bei ng that F' (X) = 0, then g' (X) = r descri bes the opt i mum steady state • 
. 
Since X(T) = g[X(t)] - h(t), it follows that dX(t)/dt = X(t) = g'(X) 
. . 
X ( t ) ;;. h ( t -) ~ -,-Sin c e in the s tea d y - s tat e--, the rat e 0 f h a r v est 
remains invariant with respect to time, h(t) = 0, and then g'(X) = 
. 
X(t)/X(t) such that the optimum rule can be written as 
. 
g' (X) = r = X(t)/X(t) • (12 ) 
Now, as in the steady-state, the periodic harvest is constant 
through time, the resource stock consists of an even-aged distribution 
of tree stands with the oldest stand being cut during each harvesting 
interval (dt). Since the biomass of the resource is stationary through 
time, the volume of the (oldest) stand being harvested during the 
current interval is equal to the sum of the growth increments on the 
6 
entire biomass taking place during the same interva1. l If x(t) is the 
biomass of the (old) stand currently harvested, the steady-state in-
volves 
. 
X(t) = x(t) • (13) 
If the growth of any individual stand is represented by the function 
(convex from above in the relevant range): 
. 
x ( t ) = f[ x ( t ) ] (14 ) 
which is the familiar growth curve for stumpage volume, then the growth 
. .• . . _ •. .. . _ ._ •. _ _ . ____ • . _ " - . • ___ • •. , .. __ . ___ J._ ._ .. . _ . . _. - -. . .. ~ -' -_. __ . . . • .. 
of all stands from generation to harvest can be represented as 
. T 
X(t) = I f[x(t)]dt (15 ) 
o 
where Tis the harvest i ng age such that x(T) is the stumpage vol ume of 
the oldest stand. Differentiating (15) with respect to time we obtain 
x ( t ) = f[ x ( T )] . (16 ) 
such that using (13), (14), and (16), we obtain 
. 
• f[x(T)] x(T) 
X(t)/X(t) = -- = (17) 
x(T) x(T) 
Substituting (17) in (12), the steady-state harvesting solution can be 
written as 
. . 
g'(X) = r = X(T)/X(T) = x(T)/x(T) (18 ) 
which states that the optimal time (T) for harvesting the oldest stand 
is when the proportional rate of growth of its stumpage volume (or value 
when price is fixed) equals the discount rate. This is the familiar 
simple Fisherian one-cycle solution. 
1 See Anderson (1976). 
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If F'(X) f 0 but c'(X) = 0, then using (9), equation (18) implies 
. 
F[x(T)] x(T) 
g' (X) = r - = (19) 
>'(O)x(T) x(T) 
where >.(O)x(T) and F[x(T)] are the shadow stumpage val ue of the unhar-
vested trees and the value of recreational services respectiv~ly at the 
optimal time. Equation (19) is the generalized Fisherian one-cycle 
solution when the recreational value is added to the steady-state 
-------- - -- ------ -- optimal --- controlJ model. It suggests-- a longer optimal rotation period 
than does equation (18), the simple Fisherian rule. 
However, equations (18) and (19) ignore the opportunity costs of 
land input occupied by the growing tree stock. The Faustmann chain-
rotation framework identifies the opportunity cost of land input with 
the present val ue of a series of timber harvests from the same plot of 
land. In terms of the present model, using (19), the harvest rule for a 
s i ng1 e stand when forest 1 and pos sesses an opportun i ty co st, c an __ ~e __ 
written as 
>.(O)~(T) + F[x(T)] = a + r >.(O)x(T) , (20 ) 
where the stumpage price >.(0) is stationary through time. Equation (20) 
equates the current increment in the value of the resource stock to the 
sum of the opportunity cost of land (a) and the opportunity cost of 
capital embodied in the resource stock. 
Samuelson (1976) proved that the single rotation model with 
opportunity cost of land, and the perpetual timber production model 
possess identical optimality conditions. Allowing for regeneration 
costs, the present value of the land used for a single rotation is given 
as >.(O)x(T)e- rT + 1F(t)e- rtdt CR(O), where CR(O) is the initial 
o 
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regeneration cost. The corresponding present value of an infinite 
seq u e nee 0 f ide n tic a 1 ro tat ion s 0 f 1 eng t h Tis g i v e n by the F a u s t man n 
valuation formula [).(O)x(T)e- rT + J F(t)e-rtdt - CR(O)]/(l - e- rT ). 
o 
If, as required by a true steady-state approach, the plot of land 
currently occupied by a stand derives its present value from an infinite 
chain of future rotations, the periodic opportunity cost of the land is 
the present value of the lciss sustained by postponing thi~ infinite 
chain of rotations by one period. The cost then is given as 
T 
-:-a-=-r ' {T).(d)ic"(T)e- rT + ---1 F(t)e-rtdt - CR(O)]/(l .;.----e-rlh. (21) 
o 
Su~stituting (21) into (20), dividing through by ).(O)x(T), and after 
some manipulations yi~lds 
T 
A(O)x(T) x(T) 1 I F(t)e-rtdt 0 
= = r [ + 
A{O)x(T) x(T) 1-e- rT A(O)x(T) (l-e- rT ) 
CR(O) F(x(t)] 
] -
A ( OJ x ( T ) (1-e - r T ) A(O)x(T) (22 ) 
Equation (22) can be directly translated for the whole steady-state 
biomass: 
g' (X) = 
X(T) 
X(T) 
T 
1 bF(t)e-rtdt 
= r [ + -------
1-e- rT A(o)X(T)(l-e- rT ) 
. 
CR(O) F[X(T)J 
-------J- --- (23) 
A(o)X(T)(l-e- rT ) A(O)X(T) 
If the private stumpage price and the shadow price coincide 
9 
equation (22) is, then, precisely the generalized Faustmann rotation 
rule. 2 
When F(t) :: a :: 0, then from (2l), A(O)x{T)e- rT = CR(O) ·and (22) 
and (23) reduce to the simple Fisherian rule (18). If a = 0, but F(t) :I 
0, then from (21), A(o)x(T)e- rT = CR(O) - F(t)e-rtdt, and (22) and (23) 
reduce to our genera 1 i zed Fi sheri an one cyc 1 e rul e (19). I fa> 0, but 
F(t) II: 0. we obtain the simple Faustmann rule such that gl(X) > r. 
Conclusion 
-_ .. _-_.-- _ . . 
The preceeding discussion has demonstrated that an optimal control 
model is consistent with the Faustmann framework for maximizing the NPV 
of a series of rotation cycles of identical length even when the net 
value of recreational services and regeneration costs are added to the 
model. Forest managers utilize the Faustmann framework to maximize the 
discounted net return ~f forested land when the forest provides timber 
value if harvested and a flow of value nf ·recreational services if 
' standing. provided they take account of this ' flow. In the process, tne ' - '~ ' 
managers follow an infinite chain of harvests, the steady-state 
characteristics of which are equivalent to the steady-state rule th~t 
would be adopted by a manager/planner maximizing social welfare in the 
context of equations (1) and (2). As Anderson (1976) has noted, using 
the Faustmann framework for non-steady-state situations will introduce 
problems of expect'ations regarding future movement of stumpage prices 
(shadow prices) over time [A(t)]. The steady-state model 
simplifies the problem of expected prices by assuming them to be 
stationary through time. 
2 See Bhattacharyya (1985). 
· { 
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